ABSTRACT: The purpose of this work is to develop a numerical simulation procedure in order to predict the evolution of the fatigue damage and rupture in mechanical parts (such as rolling bearings and gears) under cyclic loadings. The study of the fatigue damage evolution, from the first defect appearance until the part's failure, is primordial in view of the preventive maintenance. The numerical procedure is based on the continuum damage mechanics and the thermodynamics of irreversible processes. The damage effects are fully coupled with the elasto-plastic constitutive laws on a macroscopic point of view. The Sines fatigue criterion for multiaxial stress states is used to estimate the lifetime of mechanical parts in terms of number of cycles. This numerical model is implemented into Abaqus/Explicit using an user's subroutine (Vumat). A cycle jumping algorithm allows to largely reduce the computation time. Some remeshing techniques are used to follow up the damage and rupture evolutions. The birth and the growth of the damage and rupture can be visualized via the element deleting and remeshing. These numerical tools are applied to a 2D specimen under a cyclic stretching.
INTRODUCTION M
order to replace the damaged parts before their failure. The vibration analysis is a powerful tool to locate the defects (Bogard et al., 2002) , but it does not allow to follow up their evolution neither to estimate the remaining lifetime of a damaged part.
In a mechanical part under cyclic loadings such as the bearings or gears, the fatigue damage may create micro-fissures, whose growth and propagation will lead to macro-fissures until the rupture of the part, even if the maximal stress is inferior to the elastic limit. To study this phenomenon, Chaboche (1974) have extended the fatigue damage model developed by Kachanov (1986) and Rabotnov (1969) to consider the fact that the damage influence on the rupture propagation velocity is greater than that of the global mechanical behavior.
The fatigue damage model of Lemaitre & Chaboche is based on the macroscopic damage phenomena and applicable to many types of loadings, especially to cyclic loadings. The effects of the average stress, the stress amplitude, and the nonlinear cumuli of the damage (such as the effect of loading sequence, the order of several types of cycles. . .) are also included in the model. The tensorial character of a 3D stress state is considered by using the octahedral shear stress. The initiation of the micro-fissures and their propagation until the final rupture are represented by a continuous evolution of the damage value from 0 (virgin material) to 1 (entirely damaged material).
Many works were presented on the crack modeling by analytical approaches or finite element methods, using an elasto-plastic behavior model, a given fatigue criterion or/and a crack theory to simulate the crack initiation and its propagation. A FE-modeling in elasticity or elastoplasticity was often used to obtain the stress state under contact; then a fatigue criterion was employed to quantify the fatigue effects from the evaluated stresses and strains. A combination of a multiaxial low-cycle fatigue criterion (Jiang and Sehityoglu, 1999 ) and a ratchetting criterion (Kapoor, 1994) was proven successful to predict the fatigue initiation in rails (Ringsberg, 2001) . Some 'extended' uniaxial criteria can also be found in the literature, but were proven less efficient (Ringsberg, 2000) . More simplified models were developed to associate the fatigue lifetime to some parameters such as the contact pressure. An overview of some predictive models was given by Ekberg et al. (2005) and Stone and Moyar (1989) , with interesting discussions on influencing factors such as the impact loading, thermal loading, martensite formation, etc. An elasto-plastic constitutive model considering the damage, isotropic and kinematical hardening was presented by Kunc et al. (2007) . Their main goal was to determine the charge capacity for low cycle loadings in the raceways of big rolling bearings at low rotation speeds. The model implemented in a finite element code was used to study the evolution of the elasto-plastic strain and stress states, as well as the damage occurrence. Some authors used a linear kinematical hardening model (Gupta et al., 1993; Guo and Barkey, 2004a; Liu et al., 2006 ) with a limited application field. Others proposed a nonlinear one to improve it (Ringsberg, 2001; Kunc et al., 2007) .
The difficulties of the remeshing during the rupture evolution and its great influence on the accuracy of the results were studied by Guo and Barkey (2004b) and Spiteri et al. (2007) . The use of a fine element mesh required too much CPU time for the fatigue test simulation (Liu et al., 2006; Busquet et al., 2005; Ringsberg et al., 2005 , Li et al., 2006 . In fact, the problem of meshing, remeshing and deleting of the damaged element is a crucial point for a fast and accurate fatigue damage simulation.
Our objective is to develop a numerical tool, based on the finite element method, to determine the damage evolution and the remaining lifetime for mechanic parts under cyclic loadings. In this study, we firstly introduce the Sines's fatigue criterion considering the multiaxial stress state to evaluate the appearance and growth of the fatigue damage, then we present the fatigue damage model of Lemaitre and Chaboche based on the continuum damage mechanics and on the thermodynamics of irreversible processes. This damage model allows one to estimate the evolution of the damage value at a material point and its lifetime in terms of number of cycles. The used damage model is coupled with the elasto-plastic behaviors by using an efficient weak coupling procedure. A cycle jumping algorithm is proposed, leading to a large reduction of the CPU time. Some remeshing and element deleting techniques are implemented, which allow one to well follow the crack propagation. The present fatigue damage modeling and numerical techniques are applied to a 2D specimen under a cyclic stretching. The encouraging results show that they will be very useful tools for the lifetime prediction in the field of maintenance.
FORMULATION ASPECTS OF FATIGUE DAMAGE
The present fatigue damage model deals with the birth and growth of micro-fissures under cyclic loadings, until the beginning of macroscopic fissures. This phenomenon can occur even if the stress level is inferior to the elastic limit of the material, but the fatigue damage is often coupled with the plasticity.
Definition of the Damage Variable
The damage effect on the stresses is given by the following strain-stress relation (Saanouni et al., 2000; Saanouni and Chaboche, 2003) :
where Ã is the elastic constitutive matrix, the stress tensor and " the strain tensor. When the damage value increases, the effective stiffness modulus ð1 À DÞÃ decreases. After a number of cycles, the critical state may appear in a finite region, where the mechanical integrity and stiffness are completely lost. This area can be considered as the continuum damage representation of a crack.
Fatigue Criteria for 3D Stress States
To take into account of the multiaxial stress character, a fatigue damage criterion (f f ) similar to the flow surface of plasticity, was proposed by Lemaitre and Chaboche (1990) . The fatigue damage occurs when f f is positive:
ð2Þ with
where dev max and dev min are the deviatoric tensors of the maximum and minimal stresses in a loading cycle.
In our study, the Sines criterion (Sines and Oghi, 1981) with the damage consideration is adopted:
where " H ¼ AvðTrðÞ=3Þ is the average hydrostatic stress in a loading cycle, lo the fatigue limit of an alternative loading ( " ¼ 0) and b a material coefficient.
Evolution Laws of Fatigue Damage
Under a cyclic loading, the fatigue damage laws for a ID problem depend on the average stress value ( " ), the maximal stress ( M ), and the number of cycles (N).
The following ID fatigue damage model was proposed by Lemaitre and Chaboche (1990) :
with
where u is the ultimate stress at the static rupture, the functions Mð " Þ and
Þ are chosen by considering the stress limit of fatigue, the static rupture and the nonlinear accumulation effects, the material coefficients M 0 , , B, a, and b can be determined using a SN experimental curve.
A 3D fatigue damage model can be obtained by using: (a) the 1D law which describes correctly the damage evolution in tension and the effects of nonlinear accumulation; (b) a 3D criterion of fatigue which guides the choice of the significant stress invariants in the law; (c) the anisotropy of the damage behavior.
Thus, the evolution law of fatigue damage for a 3D stress state is written as follows:
Supposing that the stress state is saturated and remains quasi-constant, the integration of the Equation (6) can give a rough estimation of the damage at the cycle N:
But generally, the stress state is not constant due to the coupling of the fatigue damage and elasto-plastic behaviors. The estimate of the damage is done in an incremental form:
where D N is the known damage value at the cycle N, ÁD is the damage increment corresponding to the increment of the number of cycles ÁN.
The above calculation implemented in our routine Vumat (ABAQUS, 2006) is very fast since the plasticity and damage are computed separately in an explicit form (weak coupling).
Internal Variables and Constitutive Equations
In the present model, the fatigue damage is coupled with the elasto-plastic behaviors. In the constitutive equations, the following variables are used:
the Cauchy stress tensor and plastic strain rate tensor to describe the plastic flow, . ðX, _ Þ: the deviatoric tensors to describe the kinematical hardening, . ðR, _ rÞ: the scalar variables to describe the isotropic hardening.
The coupled constitutive equations are derived from the state and dissipation potentials using the generalized normality rule based on the nonassociative theory (Saanouni et al., 2000) .
The yield function of plasticity with the damage consideration is given by Lemaitre and Chaboche (1990) :
The stress tensor and plastic strain rate tensor are calculated by the following equations:
where l and are the Lame´'s coefficients, the damage value at the previous cycle D* is kept constant during the computation of plasticity, this weak coupling between the mechanical behavior and damage allows to speed up the computation. The coupling effect is realized with the term (1 À D*); the uncoupling calculation with D* ¼ 0 in the above equations allows to study the coupling influence on the lifetime prediction (Figure 4(b) ). The well-known Return Mapping Method proposed by Simo and Ortiz (1985) is used in this study to integrate the coupled damage-plasticity equations. This method uses an elastic prediction followed by a plastic correction and an implicit resolution scheme. There is only a single yielding surface for the coupled damage-plasticity behaviors. The details related to this aspect can be found in Saanouni et al. (2000) , where three different iterative implicit schemes were discussed and compared for the fully coupled constitutive equations including the elasto-plasticity, anisotropy, damage, and kinematical hardening.
An efficient explicit algorithm is used considering a weak coupling between the damage and plasticity. At a time increment, we use the damage value obtained at the previous increment to calculate the stress tensor in the plastic integration procedure; then we use the obtained stress tensor to determine the new damage value; the influence of the new damage value on the stress state will be considered in the next time increment (Lestriez et al., 2004) . Thus, the Mises criterion can be expressed only in function of the plastic multiplier Dl and solved by Simo's classical return mapping method.
NUMERICAL ASPECTS AND IMPLEMENTATION

Cycle Jumping Algorithm
It is too time-consuming to simulate every loading cycle to estimate the damage evolution. A cycle jumping method should be used to speed up the calculation. At the fatigue damage stage, the cycle jumping increment ÁN can be easily determined by Equation (6) for a given damage increment ÁD. But this ÁD may lead to a very great jumping before and at the beginning of the fatigue damage. So, a calculation without damage consideration is used to stabilize the stress state (A II ) due to the plastic hardening effects.
A cycle jumping algorithm is proposed to rapidly attain the stabilized state. At the beginning, the elasto-plastic calculations are carried out without damage effects. The cycle jumping increment ÁN is determined according to the gradient of an internal variable such as the stress state. In the case of elastic fatigue, several increments are sufficient to reach a stable stress state (once ÁN4the imposed cycle increment threshold ÁNs); in the case of plastic fatigue, numerous increments are needed to stabilize the stress state due to the plastic hardening. This stabilization is very important for the determination of the state stress A II in order to better calculate the cycle jumping increment ÁN and the fatigue damage.
Firstly, the internal variable y(t) in function of time is transformed into a function of number of cycles y(N); then this variable at the cycle N þ ÁN can be developed into a Taylor series of second order:
In our case, the term of second order is very small compared to other terms, so negligible:
where is a positive coefficient to adjust the jumping increment size. The derivative _ y N can be written by using the finite difference method between y N and Y Nþ1 . Thus, we obtain a criterion to determine the jumping increment ÁN:
This cycle jumping algorithm allows one to largely reduce calculation times to attain a stabilized stress state for the following fatigue damage simulation. It is advisable to calculate the cycle jumping size for each internal variable and select the minimal one. Some numerical trials also showed that it is better to take the maximal stress as internal variable instead of the cumulative plastic strain.
Once a stable stress state is attained, the damage should be taken into account and the cycle jumping increment ÁN is determined by Equation (6) for a given damage increment (ÁD ¼ 0.025 for example).
REMESHING TECHNIQUES FOR DAMAGE SIMULATION
In order to better follow the crack propagation, the finite element mesh should be adapted to the damage evolution. This adaptative remeshing is performed only during the softening stage where the damage attains a high value and leads to a crack birth and growth. The remeshing procedure is carried out as follows:
. Determination of remeshing zones: the damage value D is examined on the whole structure, the entirely damaged elements and 'free' elements are deleted, the partially damaged elements are included in a remeshing zone.
. Specification of the mesh density: a coefficient of element size variation (currently set to 1.2) is used to ensure the small size variation between adjacent elements. . Generation of the boundary nodes, interior nodes and elements: starting with the boundary nodes, the interior nodes and triangle elements are generated by using the advancing-front technique; then a mesh improving process is used to optimize the mesh quality. . Transfer of state variables to the new mesh by a weighted interpolation technique.
NUMERICAL RESULTS, APPLICATION ON A 2D SPECIMEN
The present fatigue damage model is applied to a 2D specimen (Figure 1(a) ). The used material is the 316L stainless steel. A cyclic loading in extension-compression is given by an imposed cyclic displacement. 
Numerical Modeling of Fatigue Damage
The specimen is discretized with the Constant Strain Triangular element CPE3 in ABAQUS library. The fatigue simulation is carried out with or without the cycle jumping algorithm. Very similar curves are obtained (Figure 2 ), but the cycle jumping algorithm allows one to use only 73 increments instead of 150 ones.
The stress distribution is shown in Figure 1 (b) . Although the number of increments is largely reduced using the cycle jumping algorithm, the Von Mises stress value and its symmetrical distribution are still in good agreement with those obtained without cycle jumping. Several calculations are carried out to study the cyclic force response versus the number of cycles (Figure 3) . We note that the amplitude of the imposed cyclic displacement u strongly influences the lifetime of the specimen, very similar phenomenon can be found in the literature (Alain et al., 1997 , Lim et al., 2005 for this kind of stainless steel material. This figure clearly shows the efficiency of the cycle jumping algorithm: for instance, in the case of the small imposed displacement u ¼ 0.0375 mm, only 750 increments are used for 51,000 cycles.
We can also observe different stages of the material resistance. All curves illustrate three stages: a stress increase stage due to the hardening, a damage growth stage (more or less long) and an entire damage stage leading to the total rupture and force falling. This is the typical behavior of the austenitic steel 316L.
The initiation and evolution of the crack until the total rupture of the specimen are shown in Figure 4 . We note that the total rupture of the specimen is quickly attained after the crack initiation (only 26 cycles) in the case of the imposed cyclic displacement u ¼ 0.075 mm.
It is interesting to observe the mesh refinement in these figures. zones remains unchanged, the entirely damaged elements and 'cutting' elements have been deleted, the partially damaged zones have been remeshed. We note that the mesh refinement well follows the damage evolution and illustrates the rupture propagation. Numerical Modeling of Fatigue Damage Figure 5 shows the number of cycles needed to entirely damage an element. Obviously, we can also know the number of cycles needed for the initiation and evolution of the rupture in the part.
The coupling effect between the damage and elasto-plastic behaviors has a great influence on the lifetime of a part under a cyclic loading. The Figure 6 shows the evolution of the damage (or loss of the resistance of material) obtained by the calculations with or without the coupling effect. The coupling effect is realized with the term (1 À D*); the uncoupling calculation with D* ¼ 0 in the constitutive equations (9) and (10) allows to study the coupling influence on the lifetime prediction. We can observe that the coupling effect is notable on the lifetime (more than 12%). This remark is very important for the prediction of the remaining lifetime of a mechanical part such as a chipped ball bearing.
CONCLUSION AND PERSPECTIVES
A fatigue damage model based on the continuum damage mechanics is developed to determine the damage evolution and the lifetime of mechanical parts under cyclic loading. The Sines fatigue criterion is adopted and modified to take into account the coupling of the damage and plasticity. The importance of the coupling effect for the determination of the remaining lifetime is shown by a comparison of the results obtained with or without the coupling. A cycle jumping algorithm is proposed which leads to a considerable CPU time saving. Some remeshing techniques allow one to delete the damaged elements and follow the rupture propagation with good refined meshes.
The present model is applied to a 2D specimen under a cyclic stretching. The comparison of the results with those in the literature gives a qualitatively good agreement.
Our recent numerical trials to simulate the chipping initiation and evolution of a bearing thrust give interesting results. Some improvements concerning the residual stress and the surface roughness seem important for this kind of problems. A quadrilateral element with the corresponding remesher will also be developed to obtain more stable behaviors relative to the hydrostatic stress.
Other future works will be to characterize the fatigue behaviors of different materials for the simulation data. The experimental validation of the specimen in cyclic stretching will be carried out.
